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Abstract: We present a win-loss game between players with explicitly-modeled cognitive

limitations. Differences in the players’ abilities to analyze the available actions and deduce

the optimal choices induce preferences over the complexity of the environment and hence

incentives to manipulate that complexity. More skilled players are always at an advantage.

In a class of long-horizon games with constant complexity, greater complexity favors the less-

skilled player when the more-skilled player is the last mover. When the less-skilled player

moves last there are countervailing effects. Finally, when complexity can be manipulated

over the course of the game, the benefits of strategic manipulation of complexity can override

objective considerations about best move choice, resulting in purposeful departures from

subgame perfect Nash equilibrium behavior.

∗We are grateful to James Cardon, Michele Colton, Scott Condie, Joseph McMurray, Brennan Platt,

Joseph Price, and Christian vom Lehn.
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1 Introduction

Classical game theory largely ignores the effects of skill heterogeneity on strategic outcomes.

However, the consequences of skill heterogeneity can be significant. In chess, for example,

skill differences are measurable, and their effects are demonstrable.1 Greater differences in

skill make it more likely that the better player will win, but the better player does not always

win: it has been said, with some merit, that a chess game is won by the player who makes

the second-to-last mistake.

The differing impacts of complexity on players of differing skill create incentives for

strategic manipulation of the complexity of the environment. For example, tournament chess

players may choose moves leading to simpler positions when playing weaker opponents, while

avoiding positions that are obviously drawn.2 Later, when one side has a clear advantage,

the winning player has an incentive to simplify whereas the losing player wishes to mix things

up. Finally, the winning player must avoid mistakes in order to continue being the winning

player. By contrast, the losing player must hope for an opponent’s mistake or, if possible,

provoke a mistake in order to become the winning player. The incentives to manipulate

complexity can dominate the incentives to choose objectively winning actions.

In what follows, bounded rationality is introduced by limiting players’ abilities to deduce

optimal decisions. This notion of decision complexity is in the spirit of Heiner (1983).

It is in contrast to notions of strategic complexity, whereby players can calculate optimal

strategies perfectly but cannot implement strategies that are too complicated.3 It is also in

1A tournament chess player’s skill is often measured by the Elo (1978) rating system, which assigns a

rating as a function of a player’s success conditional on the opponents’ Elo ratings. This is not the only

possibility, of course. See, for example, Di Fatta, Haworth and Regan (2009), Haworth, Regan and DiFatta

(2010), and Heiner and Lambson (1979).
2See Lambson (1998).
3See, for example, Abreu and Rubinstein (1998) and Lipman (1995).
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contrast to work done under the label of behavioral economics, which explores reduced-form

deviations from full rationality. We study an alternating-move win-loss game, derive optimal

behavior of players who take their limitations into account, and explore the implications of

that behavior.

Section 2 describes the class of win-loss games to be studied and defines equilibrium.

If both players are sufficiently skilled then equilibrium is the usual subgame perfect Nash

equilibrium, but more generally it is not.

Section 3 introduces definitions of skill and complexity. It establishes the intuitively

compelling result that in equilibrium, other things equal, it is always better to be more

skilled.

Section 4 abstracts from the incentives to manipulate complexity by restricting attention

to a class of games that exhibit constant complexity. In these games it is better to be

winning even in the least advantageous circumstances than to be losing even in the most

advantageous circumstances. It is also better to be winning later in the game.

Section 5 contains comparative statics analysis of constant complexity games. Complexity

increases the probability of mistakes but does so at different rates for players of different skill.

There is also a disadvantage from moving last because it increases the probability of making

the last mistake. This disadvantage does not vanish in long games. Greater complexity

benefits the weaker player who is the penultimate actor, but the effects of greater complexity

are ambiguous when the weaker player moves last.

Section 6 looks beyond constant complexity games to study the players’ incentives to ma-

nipulate the complexity of the situation. These incentives can override other considerations,

causing players to purposefully choose objectively losing moves to maximize the probability

of winning. Section 7 concludes.
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2 Observations, Evaluations, and Equilibrium

Two players, indexed by i ∈ {1, 2}, take turns choosing actions (moves) in an alternating-

move, win-loss game. Player 1 is active at odd-numbered turns and Player 2 is active at

even-numbered turns. At turn 1, Player 1 chooses an action, a1, (or, equivalently, Player

1 chooses a one-turn history), from the finite set of initially available actions Ao. At turn

t > 1, given the (t−1)-turn history h = (a1, ..., at−1), the active player chooses an action, at,

(or, equivalently, a t-turn history, g = (a1, ...at−1, at)), from the finite set of available actions,

Ah. Taking advantage of the equivalence between choosing actions and choosing histories,

we abuse notation slightly by referring to Ah both as the set of available actions and as the

set of available histories following h. Let ch be the number of actions available to the active

player at history h, that is, ch = #Ah.

Let Ht be the set of possible histories of length t and let H = ∪tHt. The histories such

that Ah = ∅ will be called terminal histories. Associated with each terminal history, h, is an

outcome (γh1, γh2) ∈ {(1, 0), (0, 1)} where γhi = 1 and γhj = 0 for j 6= i are interpreted as a

win for Player i and a loss for Player j.

An evaluation structure is a list of pairs, {(ρh1, ρh2)}h∈H , called evaluations, such that

(ρh1, ρh2) ∈ [0, 1]× [0, 1] and ρh1 + ρh2 = 1 at all h ∈ H. The probability ρhi will be referred

to as Player i’s evaluation at h, and is interpreted as the probability that Player i will win

conditional on the history h being realized. Bounded rationality is introduced by limiting

the number of actions a player can consider. Specifically, when the history h is realized, the

active player (say Player i) randomly draws si histories from Ah (without replacement) and

observes their evaluations. A set of randomly drawn histories will be called an observation.

Let Θh denote the set of observations that the active player can draw from Ah. For θh ∈ Θh

let θch denote the set of histories in Ah that are not in θh. Assume all θh ∈ Θh are equally

likely.
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A player’s decision rule assigns an action to each observation at each history where the

player is active. This action is either a history in θh or a random draw from θch. Player i’s

decision rule is optimal (given the evaluation structure) if it maximizes Player i’s evaluation

at each history at which Player i is active. Specifically, given an observation θh at history

h, the active player chooses the better of (1) the history g ∈ θh with the most favorable

evaluation, or (2) a random history drawn from θch.
4

Given a pair of decision rules, an evaluation structure will be said to be consistent with

backward induction if it has the following two properties. (1) For each terminal history,

h, the evaluation is (γh1, γh2). (2) For each player, i, each turn, t, and each non-terminal

history, h ∈ Ht−1, at which Player i is active, and given the evaluations of all g ∈ Ah, Player

i’s evaluation at h is ρhi = Σθh∈Θh
max{ρ+

θ , µ
c
θ}/#Θh, where ρ+

θ = maxg∈Θh
ρgi is the largest

value of ρgi in the observation and µcθ = Σg∈θchρgi/(ch − si) is the mean of the values of ρgi

in θch. Thus ρ+
θ is the probability that Player i wins if he chooses the best action that he

observes, and θch is the probability that Player i wins if he randomly chooses an unobserved

action.

An equilibrium is a pair of decision rules and an evaluation structure such that the

decision rules are optimal given the the evaluation structure and the evaluation structure is

consistent with backward induction given the decision rules. It is straightforward to show

that an equilibrium exists.

If min{s1, s2} ≥ maxhch−1 then equilibrium exhibits ρhi ∈ {0, 1} for all h and i ∈ {1, 2},

and we say players are fully skilled. Fully skilled players are able to observe or deduce the

the objective value of every action. If both players are fully skilled then all evaluations are

4For motivation, consider that tournament chess games are typically timed. A player who is unable to

find a good move in the time allotted may be better off playing a random move without analysis than a

move that analysis has established to be inferior.
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either (1, 0) or (0, 1) and equilibrium corresponds to the usual notion of subgame perfect

Nash equilibrium. We will use rhi to denote the value of ρhi in a subgame perfect Nash

equilibrium. If h ∈ Ri ≡ {h|rhi = 1} we will say that Player i is winning and Player j 6= i is

losing at the history h.

3 Skill and Complexity

The size of the observation, si, will be interpreted as Player i’s skill. It has the intuitively

compelling property that a more skilled player makes fewer mistakes and is more likely to

win. Formally, a mistake at the history h ∈ Ht, where Player i is active, is an action g ∈ Ah
such that ρhi > ρgi. Let φhi be the probability that Player i makes a mistake at the history

h.5

Theorem 3.1: For all i ∈ {1, 2} and all h ∈ H, (a) φhi is non-increasing in si and (b) ρhi is

non-decreasing in si.

Proof: Part (a) is almost immediate. For part (b), let ρhi and ρ′hi be the respective equi-

librium probabilities that Player i wins given the history h in games differing only in that

Player i’s skill levels are, respectively, si and si + 1. Make the induction hypothesis that

ρ′gi ≥ ρgi for all g ∈ Ah.

If player i is active at h then conditional on drawing the observation θ, the probability

that player i wins is max{ρ+
θ , µ

c
θ}. If a more skilled player i draws the observation θ′ = θ∪{g}

then the resulting probability of winning is max{ρ+
θ′ , µ

c
θ′}. There are three cases: (1) Suppose

ρ+
θ ≥ µcθ. Then ρ′hi ≥ ρ+

θ∪g ≥ ρ+
θ = ρhi. (2) Suppose ρ+

θ ≤ µcθ and ρgi ≤ µcθ. Then

ρ′hi ≥ µc(θ∪g) = ρhi. (3) Suppose ρ+
θ ≤ µcθ and ρgi ≥ µcθ. Then ρ′hi = ρ′gi ≥ ρgi ≥ µcθ = ρhi.

5A player’s skill could depend on the history, because a player might handle some situations better than

others. This potential generalization will not be pursued here.
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If player i is not active at the history h then player j (given the observation θ) will

choose the action that minimizes player i’s probability of winning from the history h. By

the induction hypothesis, this cannot be lower for a more skilled player i. Thus ρ′hi ≥ ρhi.

Since evaluations at terminal histories are independent of skill at the last history of each

path, the result follows by induction. QED

Let wh and `h = ch − wh be the number of winning and losing moves, respectively, for

a winning active player at the history h. For given ch, `h/wh will define composition com-

plexity. For given `h/wh, ch will define scale complexity. Composition complexity captures

the difficulty of finding a winning move when they are relatively scarce. Scale complexity

measures the difficulty of finding a winning move when they are absolutely scarce.

The analysis of complexity is more nuanced than the analysis of skill. Increased com-

plexity increases the probability of mistakes by both players. The net effect of the change

in complexity depends on the relative changes in the probability of mistakes as well as on

which player moves last. The next two sections begin the analysis by restricting attention to

a class of games, called constant complexity games, where the complexity of the environment

cannot be manipulated by the players.

4 Constant complexity games

A game is a constant complexity game if there exist integers T , c, and w such that (1) Ah = ∅

iff h ∈ HT , (2) if Ah 6= ∅ then ch = c, and (3) if Player i is active at h, Ah 6= ∅ and h ∈ Ri

then #(Ri ∩ Ah) = w. Thus (1) all paths are of the same length, (2) active players always

have the same number of actions from which to choose (unless the game is over), and (3) if

player i is active and winning and the game is not over then the same number of winning

actions are available. An example of a constant complexity game is illustrated in Figure 1.
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Straightforward combinatorics establish that the probability that a winning, active player—

say Player i—fails to draw an observation containing a winning action and subsequently fails

to draw a winning action from the complement of the observation is

φhi =
[
`!(c−si−1)!
c!(`−si−1)!

]
≡ φi

In constant complexity games, `, c, and si are the same at all histories at which Player i is

active and winning. So φhi is the same for all such histories.

In equilibria of constant complexity games, a winning active player always chooses a

winning move if one is available in the randomly drawn observation. This plausible result

will be seen to fail more generally. Here, it is a corollary of the following theorem.

Theorem 4.1: Equilibria in constant complexity games have the following property: for all

t, for all h, h′ ∈ Ht, for all i and j 6= i, it is the case that ρhi > ρh′i iff h ∈ Ri and h′ ∈ Rj.

Proof: The result holds for t = T because ρhi = 1 for all h ∈ Ri ∩ HT and ρhi = 0 for all

h ∈ Rj ∩ HT . Consider an arbitrary t < T and make the induction hypothesis that the

result holds for t + 1. Specifically, for all g, g′ ∈ Ht+1, for all i and j 6= i, ρgi > ρg′i iff

g ∈ Ri and g′ ∈ Rj. The induction hypothesis implies ρgi = ρg′i ≡ αt+1 if g, g′ ∈ Ri ∩Ht+1,

ρgi = ρg′i ≡ βt+1 if g, g′ ∈ Rj ∩Ht+1, and αt+1 > βt+1. There are two cases.

(1) Suppose Player i is active. If Player i is winning—that is, if h ∈ Ri ∩ Ht—then a

history g ∈ Ri ∩ Ht+1 will be available, either as part of the realized observation or as the

random draw from its complement, with probability (1− φi). If Player i is losing then only

histories in Rj ∩Ht+1 will be available. So by the induction hypothesis,

ρhi = (1− φi)αt+1 + φiβt+1

for all h ∈ Ri ∩Ht and
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ρhi = βt+1

for all h ∈ Rj ∩Ht.

(2) Now suppose Player i is inactive. If Player i is winning at h then Player j is losing:

whatever action she takes, the subsequent history will be some g ∈ Ri ∩ Ht+1. Then the

induction hypothesis implies

ρhi = αt+1

for all h ∈ Ri∩Ht. If Player i is losing, then matters depend on the actions of Player j, who

is active. Player j will err with probability φhj, resulting in the subsequent history being in

Ri ∩Ht+1. The induction hypothesis implies

ρhi = (1− φj)βt+1 + φjαt+1

for all h ∈ Rj ∩ Ht. In each case, the induction hypothesis implies that the evaluation of

h is the same for all h ∈ Ri ∩ Ht, and the evaluation of h is the same for all h ∈ Rj ∩ Ht.

Finally, αt+1 > βt+1 implies ρhi > ρh′i for all h ∈ Ri ∩Ht, and for all h ∈ Rj ∩Ht. QED

Corollary 4.2: For each t, ρhi takes on one value for all h ∈ Ri ∩ Ht, another value for all

h ∈ Rj ∩Ht, and the former value exceeds the latter.

The probabilities of winning for each player can now be derived. Taking advantage of

Corollary 4.2, suppose Player i is active and winning at turn t and define ρni as the probability

that Player i will be winning n ≤ T − t turns later. That this does not depend on t is due

to the constant probability of error in constant complexity games.

Theorem 4.3: For any t, any n ≤ T − t, any i and j 6= i, and any history h ∈ Ht where

Player i is active and winning,
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ρni =
φj

φi+φj−φiφj

(
1 + φi

φj
(1− φi)(n

2
)(1− φj)(n

2
+1)
)

for n even and

ρni = 1− φi
φi+φj−φiφj

(
1− ((1− φi)(1− φj))(n+1

2
)
)

for n odd.

Proof: A player can be in one of four possible states, depending on whether the player is

active or inactive and whether the player is winning or losing. Restrict attention to the

stochastic subsequences where Player i is active. Player i’s transition probabilities between

winning and losing are intuitive: The probability of transitioning from a winning history to

another winning history is the sum of the probability that Player i does not make a mistake

and the probability that Player i makes a mistake but Player j immediately returns the

favor, namely, (1 − φi) + φiφj. The probability of transitioning from winning to losing is

the probability that player i makes a mistake but Player j does not, namely, φi(1 − φj).

Transitioning from losing to winning and from losing to losing are determined by whether

player j errs, that is, the transition probabilities are φj and 1− φj, respectively.

Given the transition probabilities, the probability that an active winning player, say

Player i, will be winning n turns later is ρni satisfying

(1− φi) + φiφj φj

φi − φiφj 1− φj

(n/2) 1

0

 =

 ρni

1− ρni


when n is even. The appendix shows that this is solved by

ρni =
φj

φi + φj − φiφj

(
1 +

φi
φj

(1− φi)
n
2 (1− φj)(n

2
+1)

)
when n is even, as required. When n is odd, ρni = ρn−1

i (1− φi). Derive ρn−1
i by substituting

n−1 (which is even here) for n in the previous equation, multiply by (1−φi) and manipulate

to establish
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ρni = 1− φi
φi + φj − φiφj

(
1− ((1− φi)(1− φj))(n+1

2
)
)

when n is odd, as required. QED

The next result strengthens Theorem 4.1 by showing that the requirement that h and

h′ be of the same length is unnecessary for the result that ρhi > ρh′i for h ∈ Ri ∩ Ht and

h′ ∈ Rj∩Ht. Thus, a player prefers the least favorable winning history to the most favorable

losing history.

Theorem 4.4: For all i and j 6= i, h ∈ Ri and g ∈ Rj imply ρhi > ρgi.

Proof: Theorem 4.3 implies that at any history h ∈ Ri, either

ρhi =
φj

φi+φj−φiφj

(
1 + φi

φj
(1− φi)z(1− φj)z+1

)
for some integer, z, or

ρhi = 1− φi
φ1+φ2−φ1φ2 (1− ((1− φi)(1− φj))z)

for some integer z. Either Player i is active, in which case Theorem 4.3 applies directly, or

Player i is inactive, in which case Player j has only losing actions and Theorem 4.3 applies

on the next turn.

First let Player i be the player who is active when an even number of turns remain. So

Theorem 4.3 implies that at any history h ∈ Ri,

ρhi =
φj

φi+φj−φiφj

(
1 + φi

φj
(1− φi)z(1− φj)z+1

)
>

φj
φi+φj−φiφj

for some integer z.

At any history g ∈ Rj, Player i has only losing actions if active so Player i’s probability of

winning is the same as Player j’s probability of losing when active and winning. By Theorem

4.3 this is,

ρgi = 1− ρgj =
φj

φi+φj−φiφj (1− ((1− φj)(1− φi))z) < φj
φi+φj−φiφj
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for some integer, z. So ρhi > ρgi for all h ∈ Ri and all g ∈ Rj for the player who is active

when there are an even number of turns remaining. Since the game is zero sum, this implies

ρhj < ρgj for all h ∈ Ri and for all g ∈ Rj. QED

Other things equal, players prefer to be winning later in the game, when the probability

of making a mistake is diminished due to the dwindling number of remaining turns.

Theorem 4.5: If h ∈ Ht ∩Ri and g ∈ Hr ∩Ri and t < r then ρhi < ρgi.

Proof: This follows from Theorem 4.4 since (1− φi) ∈ (0, 1). QED

Finally, Theorem 4.6 derives the limiting values of the probability that a given player

wins in long games. Let ρti be the probability that Player i wins if the game is t turns long.

Let ηai be the limit of the subsequence of ρti for which player i is active and let ηni be the

limit of the subsequence of ρti for which player i is not active.

Theorem 4.6: For all i and j 6= i, if φi, φj ∈ (0, 1) then ηai =
φj

φ1+φ2−φ1φ2 , and ηni =
φj(1−φi)

φ1+φ2−φ1φ2 .

Proof: Let (ηai , 1 − ηai ) denote the ergodic distribution of a two-state Markov process with

transition probabilities ηii = (1 − φi) + φiφj, ηij = φi(1 − φj), ηji = φj and ηjj = (1 − φj).

Standard arguments imply

ηai = ηai ηii + (1− ηai )ηji
from which the result follows.

Similarly, let (ηni , 1− ηni ) be the ergodic distribution of a two-state Markov process with

transition probabilities ηii = (1−φi), ηij = φi, ηji = φj(1−φi), and ηjj = (1−φj). Standard

techniques imply

ηni = ηni ηii + (1− ηni )ηji

from which the result follows. QED

If the number of turns is large, ηai is a good approximation for the probability that Player
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i will win the game if Player j is the last mover. Similarly, ηni is a good approximation for

the probability that Player i will win if Player i is the last mover. The latter is related to the

former by the probability with which Player i makes mistakes. The dependence of a player’s

probability of winning on whether he or she moves last does not vanish in the limit. Thus

being the penultimate mover is always advantageous, other things equal.

5 Long-Horizon Constant Complexity Games

The comparative static effects of skill were addressed in Section 3, where it was shown (with-

out the constant complexity restriction) that more skilled players enjoy a greater probability

of winning. In this section the focus is on the comparative static effects of complexity in

constant complexity games.

The first comparative static result for constant complexity games concerns increases in

composition complexity, that is, increased complexity due to an increase in the number of

losing moves, `, while holding the total number of moves, c, fixed. It shows that increasing

composition complexity hurts the stronger player who moves last

Theorem 5.1: (Composition Complexity) If si > sj then ηni is decreasing in ` (and hence

increasing in w) for fixed c.

Proof: Suppose si = sj + k where k is a positive integer. Then

φi/φj = (c−si−1)!
(`−si−1)!

(`−sj−1)!

(c−sj−1)!
= (c−si−1)!

(`−si−1)!
(`−si−1+k)!
(c−si−1+k)!

=
∏k

i=1(`−si−1+t)∏k
i=1(c−si−1+t)

,

so φi/φj, φi and φj are increasing in `. It follows from Theorem 4.6 and some algebra that

1/ηni = 1 + φi
φj

1
1−φi

Since φi/φj and φi are increasing in `, 1/ηni is increasing in ` and hence ηni is decreasing in

`. QED
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Since the game is zero sum, Theorem 5.1 implies that the probability that the less skilled

player wins as the penultimate mover is increasing in composition complexity:

Corollary 5.2: If si > sj then ηaj is increasing in ` (and hence decreasing in w) for fixed c.

Theorem 5.1 establishes that the effect of an increase in composition complexity is to

make it more likely that the less skilled player will win if the more skilled player moves last.

The effect of an increase in composition complexity if the less skilled player moves last is

ambiguous. This is because the probability of a given player winning as the last mover and

as the penultimate mover are related as follows:

ηni = ηai (1− φi)

Now (1−φi) is decreasing in composition complexity whereas by Corollary 5.2 ηai is increasing

in composition complexity. That the net effect can indeed go in either direction is established

by two examples.

Example 1: Suppose s1 = 4 and s2 = 3. If c = 10 and ` = 7, then φ1 = 1
12

, φ2 = 1
6

and the

probability that Player 1 wins is approximately .7059 whereas if ` = 6 then φ1 = 1
42

, φ2 = 1
14

and Player 1 has approximately a .7636 probability of winning. Here, then, decreasing the

complexity has a positive impact on the more highly skilled player.

Example 2: Assume the same as in Example 1 except let s1 = 2 and s2 = 1. The

probabilities of winning for player 1 are approximately .8333 when ` = 7 and .8182 when

` = 6. So in this example, decreasing the complexity hurts the more highly skilled player.

Theorem 5.3 is analogous to Theorem 5.1, and establishes that the results of an increase

in scale complexity are similar to the results increase in composition complexity.

Theorem 5.3: (Scale Complexity) For any set ratio of w and `, if si > sj then ηni is decreasing

in scale complexity paramaterized in this case by c.

14



Proof: Assume si = sj + k. Similarly to the last two proofs, an increase in complexity of

scale will increase φi and φj. So all that remains to be shown is that φi/φj is also increasing

with scale complexity. For this, assume that `′ = ` · n and c′ = c · n, where n is a positive

integer, n > 1.

φi/φj < φ′i/φ
′
j ⇔

(c−si−1)!
(`−si−1)!

(`−sj−1)!

(c−sj−1)!
< (c·n−si−1)!

(`·n−si−1)!

(`·n−sj−1)!

(c·n−sj−1)!

⇔ (c·n−sj−1)(c·n−sj−2)...(c−sj)

(`·n−sj−1)(`·n−sj−2)...(`−sj)
< (c·n−si−1)(c·n−si−2)...(c−si)

(`·n−si−1)(`·n−si−2)...(`−si)

Which will hold iff si > sj. QED

6 Manipulating Complexity

Constant complexity games do not allow manipulation of complexity during the course of

the game. Casual observation suggests, however, that manipulation of complexity is an im-

portant component of real-world strategic behavior. Although general theorems still appear

to be out of reach, our framework generates some insights. More specifically the benefits of

strategic manipulation of complexity can override objective considerations about best move

choice in interesting ways.

First consider a two-turn game where Player 1 moves first. If Player 2 is losing when

it is her turn to move, then by definition there is no winning move available and Player 1

wins with certainty. If Player 2 is winning then she will win with probability equal to the

probability that she doesn’t make a mistake: namely (1 − φ2). If Player 1 takes this into

account when he moves, then if he is losing he can win only if Player 2 errs, which occurs

with probability φ2. In this case, Player 1 is not indifferent between various losing moves

if they result in different levels of complexity, where complexity can be defined in any way

that associates increased complexity with increased probability of error for Player 2. It is

trivial that Player 1 maximizes his probability of winning by inducing the most complexity
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possible for Player 2.

The incentive to manipulate complexity can outweigh other factors in less obvious ways

as well. For example, it can be optimal for a winning player with an observation that

contains no winning moves to choose a losing move from the observation rather than hope

that a random draw from the complement will yield a winning move. Such is the case in

Figure 2 when both players have a skill level of one. Note that the action D is objectively

losing for Player 1 because Player 2 has the action E, winning. However, Player 2 will only

find this move with probability (1/4)+(3/4)(1/3)=1/2, so by choosing D Player 1 wins with

probability 1/2. By contrast, by choosing randomly between A, B, and C Player 1 will find

the winning move C, only with probability 1/3.

It is even possible that choosing an objectively losing move is better than choosing an

objectively winning move that is in the observation. This is the case in the three-turn game

pictured in Figure 3. If both players are fully skilled, so that the subgame perfect Nash

equilibrium is the outcome, Player 1 chooses the strategy (A,F,G) while Player 2 chooses

the strategy (C,E) or (D,E). By contrast, if both players have skill level of one then if

Player 1 chooses B (which is objectively losing) he wins with probability 3/4 because Player

2 will find her winning move only with probability (1/8)+(7/8)(1/7)=1/4. By contrast, if

Player 1 chooses A he will win with probability (1/3): with a skill level of one Player 2 can

observe the probability of winning from the randomly chosen move and deduce the proba-

bility of winning from the other. Player 1 finds the winning move after C with probability

(1/8)+(7/8)(1/7)=(1/4) and after D with probability (1/6)+(5/6)(1/5)=(1/3), and thus

Player 2 optimally chooses C.
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7 Concluding Remarks

This paper has explored the theoretical effects of skill and complexity in a class of alternating-

move win-loss games. In this context it was shown that more skilled players have an advan-

tage, and that they can augment that advantage if they can manipulate the complexity of

the environment. The effects of complexity are less clear, because they change the relative

propensities to err. However, it was shown by example that subgame perfect Nash equilib-

rium may not be an appropriate benchmark when players are boundedly rational. Indeed,

in order to maximize the probability of winning, a player may find it optimal to knowingly

choose a move that would lose with subsequent, perfect play.

This approach to modeling bounded rationality may provide some insights into complex

games like chess. A backward induction argument for chess (which is a finite game) estab-

lishes that a subgame perfect Nash equilibrium exists and that all subgame perfect Nash

equilibria exhibit the same outcome. However, even at the highest levels of play there is

not the predicted regularity of outcome. Endowing agents with the inability to evaluate

every available move generates mistakes and non-uniformity of outcome, while retaining the

implication that more skilled players win more often.

Our approach is in the spirit of classical game theory, specifying as it does a game form

and defining explicitly a source of departures from fully rational behavior. It may be hoped

that further theoretical research along these lines, coupled with empirical verification, will

provide well-grounded insights into the limitations in human abilities that affect behavior.
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8 Appendix

The product involving the Markov matrix

M =

(1− φi) + φiφj φj

φi − φiφj 1− φj


can be calculated using diagonalization. The Markov matrix eigenvalues are (1−φi)(1−φj)

and 1. The respective eigenvectors are [−1, 1] and [1, φi/φj − φi]. This can be demonstrated

algebraically:

[M − (1− φi)(1− φj) · I]

−1

1

 =

 φj φj

φi − φiφj φi − φiφj

−1

1

 = 0

and

[M − 1 · I]

 1

φi/φj − φi

 =

−φi + φiφj φj

φi − φiφj −φj

 1

φi/φj − φi

 = 0

The diagonal, eigenvector and inverse eigenvector matrix can then be used to calculate

the exponential:

(1− φi) + φiφj φj

φi − φiφj 1− φj

(n/2) 1

0



=

−1 1

1 φi/φj − φi

(1− φi)(1− φj) 0

0 1

(n/2)(
φj

φi + φj − φiφj

)φi − φi/φj 1

1 1

1

0



=

(
φj

φi + φj − φiφj

)−1 1

1 φi/φj − φi

((1− φi)(1− φj))(n/2) 0

0 1

φi − φi/φj
1
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=

(
φj

φi + φj − φiφj

)−1 1

1 φi/φj − φi

(φi − φi/φj)((1− φi)(1− φj))(n/2)

1



=

(
φj

φ1 + φ2 − φ1φ2

) 1 + (φi/φj)(1− φi)(n/2)(1− φj)(n
2

+1)

−φi(1− 1/φj) + φi(1− 1/φj)((1− φi)(1− φj))(n/2)


The first term of the product produces the desired result. The bottom term is then implied

by the probabilities summing to 1.
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